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Axial Vector Coupling and Chiral Anomaly in the Spectral Quark Model∗
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We studied the Adler-Bardeen-Bell-Jackiw anomaly in the context of a finite chiral quark model
known as the Spectral Quark Model. Within this model, we obtain the general non-local form of
the axial vertex compatible with a non vanishing axial coupling, in the chiral limit. The triangle
anomaly is computed and we show that the obtained dependence of the axial vertex with the spectral
mass is necessary to ensure both finiteness and the correct violation of the chiral Ward-Takahashi
identity.
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I. INTRODUCTION
The non-perturbative low energy behavior of Quantum
Chromodynamics (QCD) is well described by a series of
effective models [1, 2, 3] in both zero and finite temper-
ature and densities [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22]. It is assumed that these
models could result from the suppression of the high en-
ergy degrees of freedom of QCD (such as gluons), and
a scale that defines the validity of the model has to be
introduced. In some of these models, the quarks remain
as the only degrees of freedom and, as these chiral quark
models are usually non-renormalizable, in contrast with
QCD itself and with mesonic models, these scales (or
cut-off) are kept finite throughout the calculations. As a
consequence, a series of problems [23, 24] emerge as a re-
flex of this process. Nevertheless, the light hadrons phe-
nomenology is successfully described by almost all these
models, that, together with the non perturbative nature
of QCD at this scale, justifies their employment.
Some of the results that are jeopardized by the intro-
duction of a cut-off scale are the anomaly dependent re-
sults. In particular, the anomalous transition form factor
Fγ∗pi0γ(Q
2), for the process γ∗ → π0γ, can only be cor-
rectly reproduced in the limit Q2 = 0 when no regulator
is introduced [23]. In contrast, a finite regularization is
necessary to keep the models finite, and it is also neces-
sary to reproduce the expected QCD factoration at large
momenta, Q2Fγ∗pi0γ(Q
2)→ 2fpi [24], where fpi is the pion
weak decay constant.
Perturbativelly, the anomaly appears as an ambigu-
ity, represented by surface terms, due to the infinities
of the perturbative calculations. Regularization of the
Feynman integrals fixes, a priori, the result of the com-
putation of these surface terms, but the undetermined
nature of the ambiguity appears as different results for
different regularizations. If the undeterminacy of these
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terms is kept up to the end of the calculation, as occurs in
some recent regularization schemes [25, 26, 27], it can be
shown that the simultaneous transversality for massless
fermions in the axial and vector channels is broken [28].
On one hand, it is possible to fix the ambiguity in order
to ensure the conservation of the electromagnetic Ward-
Takahashi identity (violating the chiral Ward-Takahashi
identity), as required in QCD in order to explain the
anomalous decays. On the other hand, it is also pos-
sible to fix the ambiguity in order to satisfy the chiral
Ward-Takahashi identity and to violate the electromag-
netic one, as in t’Hoofts proton decay calculation [29].
This undetermined character of the anomaly [30] and
the implications of the presence of ambiguous terms in
Quantum Field Theory calculations are in the heart of
some recent controversies in the study of Lorentz and
CPT violations in QED [31, 32, 33, 34, 35, 36]. The pic-
ture in chiral quark models is somewhat different. Their
divergent non-renormalizable character implies in a de-
pendence with an specific regularization scheme, which, a
priori, fixes the ambiguous integrals. So, one cannot ex-
pect, in these models, the undetermined character of the
anomaly to manifest itself. The regularization schemes
employed usually fix the vector gauge symmetry, and the
transversality of the vector currents is guaranteed from
the very beginning, reproducing for this reason the ex-
pected final result.
A recent chiral quark model, namely, the Spectral
Quark Model (SQM) [37, 38, 39, 40, 41], has some in-
teresting features that can be explored to study the pres-
ence of the undetermined character of the anomaly, as
well as to correct some of the fails on chiral quark mod-
els. For example, it was shown [37] that the SQM solves
the conflict between the anomaly normalization condi-
tion, Fγ∗pi0γ(0) =
1
4pifpi
, and the factorization at large
momenta Q2Fγ∗pi0γ(Q
2) → 2fpi. The Spectral Quark
Model is based on the Lehmann representation for the
quark propagator [42], and in the solutions for the chiral
and electromagnetic Ward-Takahashi identities using the
gauge technique [43, 44], resulting in a finite quark model.
Being finite, one can speculate (i) if the model correctly
reproduces the anomalous results, (ii) if the freedom on
2the choice of the Ward-Takahashi identity to be violated
by the anomaly is still present, as discussed above, and
under which conditions one can obtain the expected vio-
lation of the chiral Ward-Takahashi identity and conser-
vation of the electromagnetic ones in QCD.
Question (i) is already positively answered in Ref. [37].
An important ingredient to this answer is the spectral
version of the Goldberger-Treiman relation [45], a fact
that we will stress later. In this paper, we intend to
explore the answers to question (ii). As we shall see,
the specific form of the axial vector coupling plays an
important role in this issue.
Non-local axial vector vertex for constituent quarks al-
lows the presence of an axial vector coupling constant gA,
and leading order Nc effects can result in gA 6= 1 [46],
even in the large Nc limit. In contrast with the pseudo-
scalar pion quark coupling constant gpiqq, which vanishes
in the chiral limit [45], one should not expect the axial
coupling constant to vanish at this limit - model estima-
tives to gA lie in the range 0.4 < gA < 0.9 [47], a result
that is compatible with the axial vector coupling con-
stant of the nucleon, GA/GV = 1.2670±0.0035, deduced
from neutral beta decay measurements [48] and from the
non-relativistic relation GA =
5
3gA. In the context of the
SQM, a dependence of gA with positive powers of the
spectral mass ω, as occurs for the pion quark coupling
constant via the Goldberger-Treiman relation, would be
desirable, since positive momenta of the spectral distri-
bution ρ(ω) guarantees the finiteness of the amplitudes.
We will show that a spectral gA(ω) with these character-
istics is compatible with a non-vanishing axial coupling
in the chiral limit.
In this paper, we: (i) discuss the role of the spectral
version of the Goldberger-Treiman relation in the pseu-
doscalar two point function, showing its importance to
the finiteness of this amplitude and to the obtaining of
the Nambu-Goldstone mode; (ii) obtain a more general
expression for the axial vector vertex in the context of
the Spectral Quark Model, which includes the possibil-
ity of a non unitary axial coupling and (iii) by applying
the gauge technique, obtain the probability amplitude
for the axial-vector-vector process in the SQM, including
non unitary axial coupling, and show that a dependence
on the spectral mass for the axial coupling can gener-
ate an ambiguity free result, preserving the vector Ward
identity and violating the axial one, as expected for QCD.
This paper is organized as follows: in section II we
briefly review the spectral quark model and some of its
consequences. In section III, we analyze the role of the
Goldberger and Treiman relation in the finiteness of the
pseudoscalar two point function. In section IV we present
the construction of a general form of the axial vertex in
the SQM compatible with a non vanishing axial coupling
in the chiral limit. In section V, we compute the axial-
vector-vector amplitude by employing the axial vertex
obtained in section IV. We discuss the violation of the
chiral Ward-Takahashi identity, and the role of the axial
vertex on this result. Finally, in section VI we present
the conclusions.
II. THE MODEL
The Spectral Quark Model is based on the introduction
of the generalized Lehmann representation for the quark
propagator
S(p) =
∫
C
dω
ρ(ω)
/p− ω
, (1)
where ω is the spectral mass of the quark and ρ(ω) is
the spectral distribution, that acts as a regulator. The ω
integral is supposed to be valuated in a suitable complex
contour C (suppressed in our notation, from now on).
The spectral function ρ(ω) needs not to be completely
determined, although it is possible to find an explicit
form to it if the vector-meson dominance of the pion form
factor is assumed [37, 49]. For the reproduction of most of
the light mesons phenomenology, it is sufficient to know
some of the moments of the quark spectral function, de-
termined via physical conditions such as normalization
of the quark propagator, which implies in
ρ0 =
∫
dωρ(ω) = 1, (2)
and finiteness of hadronic observables, implying in
ρn =
∫
dωρ(ω)ωn = 0, (3)
for n = 1, 2, 3 or 4. Physical observables are proportional
to the negative moments
ρ−n =
∫
dωρ(ω)
1
ωn
(4)
or to the logarithmic moments
ρ′n =
∫
dωρ(ω)ωn log(ω2). (5)
Finiteness is guaranteed by the vanishing of the pos-
itive moments, Eq. (3). As a consequence, negative
and log moments can be fixed from the finite values of
hadronic observables such as the quark condensate for
one flavor
< q¯q >= −
Nc
4π2
ρ′3, (6)
the vacuum energy density
B = −
3Nc
16π2
ρ′4, (7)
and so on. The quark propagator (1) can be parameter-
ized as
S(p) = Z(p)
/p+m(p)
p2 −m2(p)
, (8)
3with the mass function given by
m(p) =
∫
dω ωρ(ω)
p2−ω2∫
dω ρ(ω)
p2−ω2
(9)
and the wave function renormalization by
Z(p) = (p2 −m2(p))
∫
dω
ρ(ω)
p2 − ω2
. (10)
In what follows, we will refer to the mass function at
p2 = 0 as m = m(0). The results presented here will not
depend explicitly on m, but it will be necessary in order
to make contact with the standard representation of the
partial conservation of the axial current (PCAC).
The detailed determination of the spectral function
moments, as well as the development of the SQM to the
low-energy hadron phenomenology is presented in [37],
and is not the aim of the present contribution.
To proceed with the computation of N-point functions
in the SQM, the vertex functions are defined as partic-
ular solutions of the relevant Ward-Takahashi identities
for unamputed Green functions, obtained by applying
the gauge technique [44]. This allows the obtaining of
linear solutions, whereas the use of amputed Green func-
tions would imply in the appearance of non-linear so-
lutions to the Ward-Takahashi identities. The vector
Ward-Takahashi identity (VWI), for the vector-quark-
quark vertex ΛµaV , reads
(p′ − p)µΛ
µa
V (p
′, p) = S(p′)
λa
2
−
λa
2
S(p), (11)
where S(p) is given by Eq.(1) and λa are the Pauli ma-
trices (we are assuming a SU(2) flavor symmetry). A
solution to Eq. (11), up to transverse pieces, is
ΛµaV (p
′, p) =
∫
dωρ(ω)
i
/p′ − ω
γµ
λa
2
i
/p− ω
. (12)
The axial vector Ward identity (AWI) reads:
(p′ − p)µΛ
µa
5 (p
′, p) = S(p′)
λa
2
γ5 + γ5
λa
2
S(p), (13)
and one possible solution to Eq.(13) for the axial vector
to quarks coupling is
Λµa5 (p
′, p) =
∫
dωρ(ω)
i
/p′ − ω
(
γµ −
2ωqµ
q2
)
γ5λ
a
2
i
/p− ω
,
(14)
with q = p′ − p. One can identify the pion pole in (14),
the dominant term as q2 → 0. For massless quarks, it
cannot be done with a non spectral propagator, since
in this case we have ρ(ω) = δ(ω), and the consequent
vanishing of the pole term.
III. THE PSEUDOSCALAR TWO POINT
FUNCTION
The pion to quarks coupling can be obtained from the
axial vector vertex near the pion pole by using
Λµa5 (p
′, p)

q→0
= −2fpi
qµ
q2
Λapi(p
′, p), (15)
resulting in
Λapi(p
′, p) =
∫
dωρ(ω)
i
/p′ − ω
γ5
ω
fpi
λa
2
i
/p− ω
. (16)
An important consequence of the appearance of the
pion pole in solution (14) is the obtaining of the spectral
version of the Goldberger-Treiman relation gpi(ω) =
ω
fpi
.
By closing the quark line in the pion vertex, Eq.(16), we
can obtain the pseudoscalar two-point function
ΠPS(q) =
∫
dωρ(ω)
∫
p
Tr
{ i
/p+ q/− ω
γ5
ω
fpi
λa
2
i
/p− ω
γ5
}
,
(17)
where
∫
p
stands for
∫
d4p
(2pi)4 . Due to the spectral condi-
tions, Eq.(3), the divergent terms arising from the com-
putation of Eq.(17) vanishes, and the final result is finite.
In the intermediary calculation, however, an auxiliary
regularization scheme is necessary in order to compute
the loop momentum integral before the evaluation of the
integral over the spectral mass ω. The use of a gauge in-
variant regularization scheme would enforce the a priori
preservation of the gaugeWard-Takahashi identities. It is
interesting, however, to explore how the correct violation
of the AWI in QCD can be obtained in a regularization
independent way. We thus choose to work with the sharp-
cutoff regularization scheme, a scheme that violates the
VWI, as is widely known.
In fact, employing the covariant sharp cutoff regular-
ization scheme to compute the p integral in (17), one
obtains
ΠPS(q) =
−i
4π2
∫
dωρ(ω)
ω
fpi
{
2Λ2 − 2ω2ln
(Λ2
ω2
)
+
q2
(
1− ln
(Λ2
ω2
))
+
2q2
(
− 1 +
√
1−
4ω2
q2
tanh−1
( 1√
1− 4ω
2
q2
))}
. (18)
From the first term on the right hand side of Eq.(18)
one can clearly see that the Goldberger-Treiman relation
is important in order to make the psedoscalar two-point
function finite. If the coupling between the pion and
the quarks was not dependent on ω, this term would be
divergent in the limit Λ→∞.
After applying the spectral conditions (3) on Eq.(18),
we get
ΠPS(q) =
−i
4π2
∫
dωρ(ω)
ω
fpi
{
(q2 + 2ω2)ln(ω2) +
42q2
√
1−
4ω2
q2
tanh−1
( 1√
1− 4ω
2
q2
)}
. (19)
From now on, all momentum integrals will be com-
puted employing the covariant sharp cutoff regularization
scheme. The use of this regularization to compute the
pseudoscalar two point function introduces surface terms
that could, in principle, break the Nambu-Goldstone
mode [50]. It also generates dependence on the arbitrary
choice of the momentum routing in the loop. In a renor-
malizable theory it will be no problem: regularization
and symmetries fix these ambiguities [35, 51, 52]. This
is not the case for purely fermionic chiral quark models.
It is interesting, however, to observe how the spectral
regularization corrects this fail: the surface terms that
emerges from this computation are
2qµqν
∫
dωρ(ω)
ω
fpi
∫
p
( gµν
(p2 − ω2)2
− 4
pµpν
(p2 − ω2)3
)
=
2qµqν
∫
dωρ(ω)
ω
fpi
gµνω2
i
2(4π)2ω2
= 0 (20)
The details on the computation of surface terms will
be presented on section V, in the context of the chi-
ral anomaly. As we can see, the spectral condition
(3) guarantees that Eq.(20) vanishes, since it depends
on ρ1 =
∫
dωωρ(ω) = 0. The role played by the
Goldberger-Treiman coupling ω/fpi becomes clear - if it
was not present, then the pseudoscalar two point func-
tion, Eq.(19), would be divergent and dependent of the
ambiguous result of the momentum integral in the left
side of Eq.(20). This feature - the dependence of the cou-
pling with the spectral mass via the Goldberger-Treiman
relation - suggests that a similar dependence on the spec-
tral mass for the axial vector coupling could be important
in the study of the chiral anomaly in the context of the
Spectral Quark Model.
IV. THE AXIAL VECTOR COUPLING IN SQM
Eq.(14) is one of the possible solutions to the AWI,
Eq.(13). Its functional form suggests that, for this
ansatz, the axial coupling gA is unitary. As mentioned
before, there are mechanisms that generate contributions
to 1− gA of order N
0
c , such as the π−A1 mixing mecha-
nism [46], present in chiral models such as the σ-model[1]
and the NJL model [2]. A general form to the axial ver-
tex that allows gA 6= 1, including pseudoscalar and pseu-
dovector pion couplings is [61]
ΛµaA (p
′, p) =
∫
dωρ(ω)
i
/p′ − ω
(
gA(q
2, ω)γµ (21)
+hA(q
2, ω)qµ + fA(q
2, ω)qµq/
)
γ5
λa
2
i
/p− ω
,
where we introduced the spectral form factors gA(q
2, ω),
hA(q
2, ω) and fA(q
2, ω). One can recognize that
gA(q
2, ω) = 1, hA(q
2, ω) = −2ω/q2 and fA(q
2, ω) = 0 in
the ansatz (14). The evaluation of (13) with (21) gives
hA(q
2, ω) = −2ω/q2 (22)
and
fA(q
2, ω) =
1− gA(q
2, ω)
q2
. (23)
In what follows we will assume that the axial coupling
depends on the spectral mass, but not on the exchanged
momenta, i.e., gA(q
2, ω) = gA(ω). One can recognize the
poles associated to the Goldstone pion in the second and
third terms on the right hand side of Eq.(21) whereas the
first term is associated to the axial vector coupling. Let
us denote this term as ΛµagA(p
′, p), with
ΛµagA(p
′, p) =
∫
dωρ(ω)gA(ω)
i
/p′ − ω
γµγ5
τa
2
i
/p′ − ω
(24)
For on-shell massless quarks, Dirac equation implies
/p′ = /p = 0. Thus, we get for the axial vector coupling
with on-shell quarks
ΛµagA(p
′, p)
∣∣∣
on-shell
= −
{∫
dωρ(ω)
gA(ω)
ω2
}
γµγ5
τa
2
(25)
Eq.(25) gives us some insight about the functional form
of gA(ω): if it was proportional to any positive integer
power of the spectral mass ω greater than 2 the axial
vector coupling for on-shell quarks would be zero. Yet,
assuming gA(ω) = αω
n with n ≤ 2 and α an arbitrary
constant, we obtain a non vanishing axial coupling in this
limit. From our previous analysis of the pseudoscalar
two-point function, a coupling constant proportional to
an integer positive power of ω (i.e., n = 1 or n = 2) would
be desirable in order to render finite some amplitudes,
and also to avoid regularization ambiguities. In the next
section we will see that this feature is also necessary in
the computation of the chiral anomaly in SQM, in order
to make it free from ambiguities.
V. THE CHIRAL ANOMALY
The mechanism of the anomalous symmetry break-
down was co-discovered by Bell and Jackiw [53] and Adler
[54]. This violation is related to a probability amplitude
that cannot satisfy, simultaneously, the gauge and chiral
symmetries. Nevertheless, which symmetry is violated is
a model dependent result: in the anomalous pion decay,
the VWI are to be conserved and the AWI is violated,
whereas in the t’Hooft calculation of the proton decay
[29], the situation is opposite - the global gauge symme-
try is violated and the chiral symmetry is preserved.
The probability amplitude for the axial-vector-vector
process is represented by the triangle diagram, depicted
on fig. 1. In order to compute it in the SQM, one needs to
find a spectral representation to the vertex function with
5FIG. 1: The axial-vector-vector 3-point function. Wavy lines
correspond to vector currents and wavy slashed line corre-
sponds to the axial vector current.
one axial and one vector current, Λµa;νbAV , that fulfills the
SU(2) vector and axial vector Ward identities.
For non-local axial vertex in the chiral limit, the axial
Ward identity reads:
−iqµΛ
µa;νb
AV (p
′, q′, p, q) = iǫbacΛ
νc
A (p
′, p)
∣∣∣
gA=1
+ΛνbV (p
′, p+ q)γ5
τa
2
+ γ5
τa
2
ΛνbV (p
′ − q, p), (26)
The first term on the right hand side of Eq.(26) is the
axial vertex computed with gA = 1. This term express
the fact that the contraction of the axial vertex with the
exchanged momentum does not depends on gA, as can be
easily checked by evaluating qµΛ
µa
A from Eq. (21) with
the use of Eqs.(22) and (23).
The vector Ward identity reads:
−iq′νΛ
µa;νb
AV (p
′, q′, p, q) = iǫbacΛ
µc
A (p
′, p)
−ΛµbA (p+ q, p)
τa
2
−
τa
2
ΛµbA (p
′, p′ − q). (27)
A solution that fulfills Eq.(27) and Eq.(26) in the chiral
limit is given by:
Λµa;νbAV (p
′, q′, p, q) =
∫
dωρ(ω)
{ i
/p′ − ω
γν
τb
2
i
/p+ q/− ω
×
(
gAγ
µ − 2ω
qµ
q2
+ (1− gA)
qµq/
q2
)
γ5
τa
2
i
/p− ω
+
i
/p′ − ω
(
gAγ
µ − 2ω
qµ
q2
+ (1− gA)
qµq/
q2
)
γ5
τa
2
×
i
/p′ − q/− ω
γν
τb
2
i
/p− ω
}
, (28)
with p′+ q′ = p+ q. In fact, replacing Eq.(28) in Eq.(26)
one obtains:
−iqµΛ
µa;νb
AV (p
′, q′, p, q) = iǫbacΛ
νc
A (p
′, p)
∣∣∣
gA=1
+ΛνbV (p
′, p+ q)γ5
τa
2
+ γ5
τa
2
ΛνbV (p
′ − q, p)
+i2ǫbac
qν
q2
∫
dωρ(ω)ω
i
/p′ − ω
γ5
τc
2
i
/p− ω
(29)
Eq.(29) displays the expected partial conservation of
the axial current. This can be verified by evaluating the
last term in Eq.(29) with /p′ = /p, resulting in{
2iǫbac
qν
q2
∫
dωρ(ω)ω
i
/p′ − ω
γ5
τc
2
i
/p− ω
}
/p′=/p
=
{
2iǫbac
qν
q2
∫
dωρ(ω)ω
/p′/p− ω2 − ω(/p′ − /p)
(p′2 − ω2)(p2 − ω2)
γ5
τc
2
}
/p′=/p
= 2iǫbac
qν
q2
γ5
τc
2
∫
dωρ(ω)
ω
(p2 − ω2)
= 2iǫbacm(p)
qν
q2
γ5
τc
2
∫
dωρ(ω)
1
(p2 − ω2)
(30)
where we have made use of Eq.(9). So, the last term of
Eq.(29) shows the violation of the axial current conser-
vation arising from the fermionic mass term, as usual.
When chiral symmetry is restored, Eq.(30) will vanish,
and the axial Ward identity, Eq.(26), will be fulfilled by
the solution (28).
In the SQM the probability amplitude for the axial-
vector-vector process is obtained by closing the quark
line in the unamputated two currents (axial and vector)
vertex, Eq.(28). With the appropriated insertion of the
charge matrices, and the momenta labels chosen as in
Fig.(1), this probability amplitude is given by:
TAV Vρµν (q1, q2) = −
∫
dωρ(ω)
∫
p
Tr
[
NCiτ
3
(
gA(ω)γρ −
2ω
q2
qρ +
1− gA(ω)
q2
qρq/
)
γ5
i
/p+ q/1 − ω
iQˆγµ
i
/p− ω
iQˆγν
i
/p− q/2 − ω
]
+ crossed terms, (31)
where Qˆ is the quark charge matrix, q = q1 + q2 and, for
a SU(2) model, τ3 is the Pauli matrix σz. In order to
compare with the PCAC relation, let us rewrite the term
proportional to ω
q2
qρ as
Tµν =
1
m
∫
dωρ(ω)ω
∫
p
Tr
{
γ5(/p+ q/1 + ω)
((p+ q1)2 − ω2)
×
γµ(/p+ ω)γν(/p− q/2 + ω)
(p2 − ω2)((p− q2)2 − ω2)
}
+ crossed terms (32)
where we have introduced the mass function at zero ex-
ternal momentum m in order to associate Tµν with the
standard representation of the neutral pion to two pho-
tons decay amplitude. Eq.(31), of course, does not de-
pend on m, and can be rewritten as
TAV Vρµν (q1, q2) = λ
(
Tˆρµν +
qρ
q2
2mTµν +
qρ
q2
T ∗µν
)
, (33)
with
Tˆρµν =
∫
dωρ(ω)gA(ω)
∫
p
Tr
{
γργ5(/p+ q/1 + ω)
((p+ q1)2 − ω2)
×
γµ(/p+ ω)γν(/p− q/2 + ω)
(p2 − ω2)((p− q2)2 − ω2)
}
+ crossed terms (34)
6and
T ∗µν =
∫
dωρ(ω)(1 − gA(ω))
∫
p
Tr
{
q/γ5(/p+ q/1 + ω)
((p+ q1)2 − ω2)
×
γµ(/p+ ω)γν(/p− q/2 + ω)
(p2 − ω2)((p− q2)2 − ω2)
}
+ crossed terms. (35)
We also have
λ = NcTr{τ
3QˆQˆ} = 1. (36)
It is interesting to note that, after taking the Dirac
traces, Eq.(32) is logarithmically divergent, and thus
does not present surface terms in its computation.
Eq.(35) is quadratically divergent, and in principle
should present surface terms. However, in the sharp cut-
off regularization scheme these surface terms result zero.
After a little algebra, we obtain
T ∗µν =
1
2π2
ǫρµνηq
ρ
1q
η
2
∫
dωρ(ω)(1− gA(ω)), (37)
and
2mTµν =
2
4π2
ǫµνρηq
η
1q
ρ
2
∫
dωρ(ω). (38)
Eq.(34), however, presents non-null surface terms in its
calculation. These surface terms come from the difference
of logarithmically divergent integrals, the same integrals
in p appearing in Eq.(20),∫
p
( gµν
(p2 − ω2)2
− 4
pµpν
(p2 − ω2)3
)
. (39)
As already discussed, this term corresponds to a regular-
ization ambiguity, since it can result zero in some regu-
larizations (e.g. gauge invariant Pauli-Villars) or finite
in other ones (= i2(4pi2) in the sharp cutoff regulariza-
tion) [62]. So, introducing two Feynman parameters on
Eq.(34) we obtain
Tˆρµν =
∫
dωρ(ω)gA(ω)
∫ 1
0
dy
∫ 1−y
0
dx (40)
×
∫
p
Tr{γργ5(/p+ q/1 + ω)γµ(/p+ ω)γν(/p− q/2 + ω)}
((p+ q1x− q2y)2 −M2(ω, x, y))3
,
withM2(ω, x, y) = q21x(x−1)+q
2
2y(y−1)−2q1q2xy+ω
2
(the sharp cut-off regularization scheme is, as before, im-
plicitly assumed). In several regularization schemes, as
in the sharp-cutoff, we are not allowed to shift the p vari-
able in Eq.(40), unless we introduce the corresponding
surface term. Following the procedure employed in Ref.
[25], we obtain
Tˆρµν = Sρµν +
∫
dωρ(ω)gA(ω)
∫ 1
0
dy
∫ 1−y
0
dx
×
∫
p
1
(p2 −M2(ω, x, y))3
×Tr{γργ5(/p+ (1− x)q/1 + yq/2 + ω)γµ(/p− xq/1
+yq/2 + ω)γν(/p− xq/1 − (1− y)q/2 + ω)}, (41)
where Sρµν is the surface term given by
Sρµν =
∫
dωρ(ω)gA(ω)
∫ 1
0
dy
∫ 1−y
0
dx
×
∫
p
(qσ1 x− q
σ
2 y)
∂
∂pσ
{ Tr{γργ5/pγµ/pγν/p}
(p2 −M2(ω, x, y))3
}
(42)
Of course, as usual, TAV Vρµν is finite, so all integrals can
be computed and the connection limit Λ → ∞ can be
taken. After doing that, we have
Tˆρµν =
1
4π2
{∫
dω
gA(ω)ρ(ω)
6ω2
qη1q
β
2 {ǫρµβη(q2ν + 2q1ν)
+ǫρβνη(2q2µ + q1µ)}
+
2
3
ǫρµνη
∫
dωρ(ω)gA(ω)(q
η
2 − q
η
1 )
}
+ Sρµν (43)
with
Sρµν =
1
12π2
ǫρµνη
∫
dωρ(ω)gA(ω)(q
η
2 − q
η
1 ) (44)
From Eqs. (33), (43) and (37), the evaluation of the
Ward-Takahashi identities in momentum space results in
qµ1 T
AV V
ρµν =
1
4π2
2
3
qµ1 q
η
2 ǫµνρη
∫
dωρ(ω)gA(ω)
+qµ1Sρµν , (45)
for the VWI, with a similar expression for qν2T
AV V
ρµν , and
(qρ1 + q
ρ
2)T
AV V
ρµν =
2
4π2
qη1q
ρ
2ǫµνρη
1
3
∫
dωρ(ω)gA(ω)
+(qρ1 + q
ρ
2)Sρµν + 2mTµν −
2
4π2
qη1q
ρ
2ǫµνρη, (46)
for the AWI.
Before performing the spectral mass integrals, the re-
sult is potentially ambiguous due the presence of the sur-
face term Sρµν in Eqs.(43), (45) and (46). For a constant
(ω independent) gA, the surface term, Eq.(44), depends
on the choice of the intermediary regularization employed
in the evaluation of Eq.(31), and it could generate differ-
ent results in the Ward identity to be violated by the
anomaly, as it is well known.
Nevertheless, from Eq.(44) we can see that the compu-
tation of the axial-vector-vector amplitude in the SQM
with the axial vertex given by Eq.(21) and with gA = αω
(or gA = αω
2) is free from surface terms - the spectral
condition, Eq.(3), ensures their vanishing, as well as the
vanishing of the other terms proportional to gA(ω) in
Eqs.(45) and (46). In this case, the VWI is always pre-
served (i.e., is preserved in an ambiguity free way) and
the AWI is violated. Hence, we clearly see that the choice
of the specific dependence of the axial coupling with the
spectral mass can result in an ambiguity free result, with
the conservation of the VWI, and the violation of the chi-
ral one, as expected for QCD. In this case, the vanishing
7of the spectral axial coupling in the zero spectral mass
limit does not imply in the vanishing of the axial coupling
itself. However, it is also possible to obtain the violation
of the VWI, with conservation of the axial current, when
the spectral axial coupling depends on the spectral mass
with a power lower than 1. In this case, the presence
of ambiguous terms implies in the freedom on choosing
which Ward identity is to be violated.
VI. CONCLUSIONS
We have investigated the chiral anomaly in the con-
text of the Spectral Quark Model. We have proposed a
generalized form of the four points vertex function with
one axial and one vector current which includes the pos-
sibility of a non unitary, spectral mass dependent, ax-
ial coupling. This vertex function displays the expected
partial conservation of the axial current, with the chiral
Ward identity being violated by a term proportional to
the mass function which vanishes at the chiral limit. The
triangle anomaly was computed, taking into account the
surface term that appears in its calculation, and we have
shown that a dependence of the axial coupling on inte-
ger positive powers of the spectral mass is necessary in
order to render the triangle amplitude free from ambigu-
ities. In this case, the vector Ward identity is preserved,
with the chiral Ward identity being violated as expected
for QCD. We also remarked that the dependence of the
pion to quarks couplings on the spectral mass, via the
Goldberger-Treiman relation for the pseudoscalar cou-
pling, and via the ansatz employed here for the axial
coupling, are essential to the obtaining of a result free
from divergences and regularization ambiguities.
In summary, we have shown that, in the context of the
Spectral Quark Model, the chiral anomaly computation
can be carried out reproducing the expected result with-
out any ambiguity introduced by regularizations schemes,
if the axial vertex is treated as a non-local spectral mass
dependent vertex. This shows to be compatible with an
non-unitary axial vector coupling, not vanishing at the
chiral limit. Our result suggests that the Spectral Quark
Model provides an useful mechanism to justify why in
QCD the anomaly violates the chiral symmetry, instead
of violating gauge symmetry, as in the case of the non
conservation of the barionic number. However, we also
discussed that the more general form for the axial vertex
leaves room to the violation of the vector Ward Identity,
complying the axial one. It could be interesting to an-
alyze these features of the Spectral Quark Model in the
QCD chiral phase transition [55, 56] or in the construc-
tion of spectral approaches to some recent applications
of the chiral anomaly [57, 58, 59, 60].
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